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Abstract - The representation of a function in the form of a
series is fairly common practice in mathematics. Fourier
series is an expansion of a periodic function f(x) in which

base set is the set of sine and cosine functions. In attempt to
define the Fourier series of a nonperiodic functions is
obtained the Fourier transform, as a continuous
representation. In this paper we provide the Fourier series
on several functions, define on [-7z, 7], [-I,1], or [a,b].
Also, through examples we discuss whether the Fourier
transform of some function exist or not, and we consider
some properties, such as linearity; Fourier transform of the
operator for modulation, translation and time-frequency
shift. Then using the mathematical package Wolfram
Mathematica, we visually present the results that we obtain
for Fourier series and Fourier transform, which in fact is
real and complex function, respectively.

. INTRODUCTION

Fourier analysis deals with analysis of a functions
in terms of and in relation with Fourier series
expansion and Fourier transform. The idea of
expanding a function in the form of series, in which
the base is the set of sine and cosine functions, was
given by French physicist Joseph Fourier in 1807 as
a result of necessity to solve practical problems in
physics, such as heat-flow problems, wave
propagation and diffusion. The Fourier series
expansion first was given for a periodic function,
then in an attempt to define it of a nonperiodic
functions is obtained the Fourier transform, as a
continuous representation. Even more, the Fourier
transform can be considerate as a ready-made tool,
which has application in several areas, such as
mathematics for solving differential equation; signal
and system analysis. More about Fourier analysis
one can find in [1,3,4, 6].

In this paper we make a short review of the
fundamental results for Fourier series and Fourier
transform. Then we provide the Fourier series of
continuous function, function with one finite
discontinuity and continuous function extended to
an odd function (see example 1, 2, 3). The Fourier
transform of an odd and even function, and
translation and modulation of some function is given

in example 4, 5 and 6, respectively. In all examples
we visually present the obtained results, using the
mathematical package Wolfram Mathematica.

Il.  PRELIMINARIES

A. Fourier series expansion

Let f(x) is 2 -periodic function. If the
trigonometric series
@+Z(an cosNX + b, sinnx) (1)

n=1
converges uniformly on (—z, ), and its sum is the
function f(x), i.e.
f(x)=@+2(an cosnx +b, sinnx), x e (-, z),
n=1
then for coefficients a,, @, and b, hold

a, = e ]E f(x)dx, a, = 1 ]E f(x)cos nxdx,
T T,

b, _1 j f (x)sin nxdx .
72.*71’

The coefficients a,, a, and b, are called Fourier

coefficients, and the series (1) is Fourier series
expansion. The corresponding exponential Fourier
series expansion is

f(x) = i ce™,

where ¢ = ij f(x)e™™dx, nel .
2r °.

If f(x) is an even function on interval
(-7, 7), then its Fourier series expansion is

. 27
a_2()+zan cosNX , a, =—J.f(x)COSnxdx, n=0,1,..;
n=1 71-0

and if it is an odd function, its Fourier serie

. . i . 2
expansion is Y b sinnx, b ==
n=1 T

f f (x)sin nxdx,
0

n=212,....
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Dirichlet’s Theorem: Let f(x) is defined on
[-7,~]. If the function f(x) satisfied the
Dirichlet’s conditions on [z, ], i.e. it has a finite

number of isolated maxima and minima, and a finite
number of points of finite discontinuity, then the
Fourier series expansion of f(x) uniformly

converges to S(x) at all points on [-z,7x], for
which hold:
1. S(x)= f(x), where f(x) is continuous;
2. At the points of discontinuity hold
S(x) = f(x—O)er f(x+0) ;

3. At the end points of (—z,z) hold
f(-7z+0)+ f(z-0)

5 :

The same theorem hold if the function f(x) is
defined and satisfied the Dirichlet’s condition on
(_7[!7[)! (_ﬂ-!ﬂ-]v [_7[!7[)! [a,b], (aab)v (aab] or
[a,b),a,bel .

If the function f(x) is defined on [-I,I], and

satisfied the Dirichlet’s conditions then its Fourier
series has the form (1), such that the argument in

S(-7)=S(7) =

. . . . NzX .
sine and cosine functions is - instead of nx, and

the integration is from -l to |. If a function is
defined on [a,b], then |=b;2"".
B. Fourier transform

Let f(x) is periodic function with period I,
| e0d0", which is defined and satisfied Dirichlet’s
conditionon [—1/ 2 1/ 2]. Its exponential Fourier
series expansion is

27rinx

f=Sce ' . @)

where
1 112 —27inx
¢ =7 j f(x)e ' dx nel .

n
-112

If we consider the coefficients c, asa function F

. n .
from variable l—, i.e.

—27inx

F(Ej - Vf f(xe ' dx, @A)

I -1/2
then for the Fourier series expansion (2) we obtain

f(x):i%F(lﬂ}ﬂ' @

N=-—o0

Now, if | tends to infinity in (3), the range
of f(x) will be from —oo t0 oo, and let we redefine

n to be the “frequency,” which we denote with o,
ie.

F(o)= T f (x)e 27 *dx . (5)

—o0

The function F:00 — [ is called the Fourier
transform of the function f(x), and we will use the

notation f/ or # when we consider it as an
operator. The Fourier transform (5) exist whenever

j \f(x)\dx<oo. When | tends to infinity, the

continuous form of (4) is f (x) - J' F(o)e* " dw,

—0

such called the inverse Fourier transform.
If f(x) isan even function on (—oo, o) , it’s

Fourier transform is f(w) = 2_[ f(x)cos2zxw, and
0

if it is an odd, then f(w) = —2i j f (X)sin2zxe .
0

The linearity of the Fourier transform is an
important  property.  For baell, with
T.f() = f(x—b) and M_f(x)=e>"™f(x) we
denote the operator for translation and modulation,
respectively, and with T _M_and M T, the time
frequency operators, such that
TM_f(x)=e?™M_T, f(x). Even more, one can

prove that F (T.f)=M_f, F (M_f)=T*,
F(TM_f) =e™™ T M, (seee.g. [1]).

I1l.  MAIN RESULTS

In this section through examples we visually
present the Fourier series expansion of continuous
function and function with points of discontinuity
defined on different interval (see example 1, 2, 3).
Also, we provide the Fourier transform of an odd,
even function and translation and modulation of
some function, (see example 4, 5, 6). In example 7
we consider functions for which Fourier transform
does not exist.

1, —7<x<0 .
is 2rx-
0, 0<x<=x

periodic function. By Dirichlet’s theorem the
Fourier series expansion is

Example 1. Let f(x)={
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S(x)zl—E sinx+lsin3x+£sin5x+--~ : A
2 3 5
equal to f(x) forall xell \{kz,k €1} (see Fig.1). s y=35(0
¥ F1s
A
y=f(x)
L] L ] e L ] L ]
1 -
% o e -ia g -I4 2 o 2 ; -: ¥ 1!a =
+ & - b)
o - ) ; i Figure 2. a) Function f(x) = ? ; b) Its Fourier series expansion.
Example 3. Let f(x)=x* for xe[0,7]. We define
a) 2
x*, xe]0,
: the odd function F(x) = cl0z]
A —x?, xe[-7,0]
y=5(x) By Dirichlet’s theorem the Fourier series
expansion of the function F(x) is
T sinnx 8 &sin(2n -1)x
S(x)=27) ()™ -y —7= (6
. . %— L L ()= Z( ) Z (2[']—1)3 ©)
, . XE(—ﬂ,ﬂ). Because F(x) is extension of f(x),
) ’ i the Fourier series expansion of the function f(x) is
the same function in (6), but for xe(0,7) (see
Fig.3).
b) .
Figure 1. a) Function f (x) :{1' —r<x<0 : b) Its Fourier [} y="Fix)
0, O<x<=m 2t *
series expansion.
2x . .
Example 2. Let f(x) = 3 with period 6 on (0, 6). —~ -
By Dirichlet’s theorem the exponential Fourier M
series expansion is
°s) _2 w [ ] - -
S(X) = —e 3
9 n;w inz
n=0 a)
equal to f(x) forall xel \{6k,k 1} (see Fig.2). .
! A
h v=fIx)
= ]
s y=s
ol
—IIJ —i-!) —IS —Ié —I4 —IJ 1] 2 4 5I 3 10 =
b)
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¥=235(x)

Y 3
B 3
y

©)

2
Figure 3. Function a) f(x)=x;h) F(x)={ X xelbrl

-2, xe[-x,0] '
c) Fourier series expansion of f(x) and F(x) .

Example 4. The Fourier transform of the function

Xxel[-T,0
F(x) = A xe[-T,0)
_Aa X e [OIT]

(o) = ZAi].Sin(Zﬁa)X)dx = A

, A T>0i1s

Al (1 - cos(27za)T)) .
T
On Fig.4 is given the graphic of the function
and the imaginary part of its Fourier transform for
A=1land T =5.

A
'|=f[]l}
- T
—1l#= *
a)
A 5
y=Tm{7w)
b)
Figure 4. a) Function f(x)—{ - Cpe
igure 4. a) Function f(x) = -1 xe[0,5] °

b) Imaginary part of its Fourier transform.

Example 5. For the Fourier transform of the function

{cos 3X,
f(x) =

0, otherwise

—-n<X<rx

we obtain

f(w) = f(cos(s + 271w) X + €08(3 — 277) X)dX

_sin(3+ 2rw) N sin(3 — 2zw)

3+ 27w 327w
_ 65sin 37 cos 27°w — 47w cos 37 sin 27w
- 9-4r*a’
_ Arwsin 2on’
C 9-4r

On Fig.5 one can see the graphic of the
function and its Fourier transform.

1 xell2]

Example 6. Let f(x):{ 0. otherwise”

translation and modulation of the function f(x) for

bel and ael, is defined as
L xe[l+b2+Db]
T, /() _{ 0, otherwise and

eZ;rixa, X € [11 2]

, respectively.
0, otherwise P y

M f(x) = {
\
2t y=rix)

a)

y=Jslw

b)
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c0s3X, —m<X<rm

0, otherwise ; b) Its Fourier

Figure 5. a) Function f(x) ={
transform.

On Fig.6 and 7 one can find the translation
for b=3 and b =-3, and the real and imaginary
part of the modulation for a =2 and a =4 of the

function f(x) = Loxell.2] respectivel
| 0 otherwise’ y:
A
y=rx)
1tk
.-—1' J"—-L -
J1
2 )
A
y=13 f(x)
1 L ——
—
J1
b)
s
A
y= .?—_3 f[\}
—— 1F
—I_1 —IL‘, —Il 1I 2 -
_1 L
'

1L xe[L2]

0 otherWise;Translatlon of f(x) b)

Figure 6. a) Function f(x) ={

for b=3;c)for b=-3.

It is clear that the Fourier transform of
functions f(x), 7, f(x), M_f(x), b, ael exist.

T v =Re(M; fix))
a)
y
A
1k
_I1 1
r v =Im{My F(x)
b)

Figure 7. a) Real; b) Imaginary part of modulation of the function

f(x)_{ 1 xell2]

0, otherwise fora=2and a=4.

For the Fourier transform (see Fig. 8) of the
function f(x) we obtain

f(w) = ie’z”ixwdx = - e47_riw + e_zfiw
1 2rio  2rio
. pirio _ g-2rio
27w
_ cos(3rw) sin(7w) i sin(37zw) sin(zw)
Tw Tw

Figure 8. Real and imaginary part of the Fourier transform of the

1 xefL2]

function f(x)—{ 0. otherwise "
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For the Fourier transform of translation of
f(x) we have

—27io(b+2) _ A-27io(b+1)

e

F (T, 1)) =M, fo) =i

27t

_ cos(zax2b + 3)) sin(7zw)

B Tw

i sin(za(2b + 3)) sin(7zw)
T

On Fig. 9 one can find the real and
imaginary part of the Fourier transform of
translation for b =3 and b =-3, such that we use
green color for b =3 and red color b = -3.

!

y=r f:_.lu'(:: _f:{dll

el

o ETTV N \ R

=1F

b)
Figure 9. a) Real; b) Imaginary part of Fourier transform of translation
1, xel2]
0, otherwise

of function f(x) = {

And, for the Fourier transform of M_f(x)
we obtain
F (M, ) (0) =T, Ho)
_ cos(3z(w — a)) sin(z(w — a))
- n(w—a)

i sin(37z(w — a))sin(z(w — a))
(e — a) '
The real and imaginary part of the Fourier

transform of the modulation for a =2 and a=4, is
given on Fig. 10, such that we use red color for
a = 2and green color for a = 4. Let we note that,
when the parameter a increase, the graphic of real
(resp. imaginary) part of Fourier transform of
modulation translates on right, and when a
decrease, the graphic of real (resp. imaginary) part
of Fourier transform of modulation translates on left
(see Fig. 10, a) (resp. Fig. 10, b)) .

A

y=F el > __?’lel
1_

a)

y= Im:f—: -_f-‘:{dll

AP A A A ;'.| n Mﬂ.ﬂ LT n
-7 VVVU'\'W u'ru [ ""J; im

b)
Figure 10. a) Real; b) Imaginary part of Fourier transform of modulation

1 xel2]

of function f(x)={ 0 otherwise

Example 7. The Fourier transform of the functions:
f(x)=1and f(x) =x, —0<X<©: f(x)=x",
Nn>1 —oo<Xx<oo; f(x)=e™ and f(x) =e ™,

a>0 —ow<Xx<oo, does not exist because
j \f(x)\dx is not finite.
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